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Creating a circle with domino pieces has a connection with complete
graphs in Graph Theory. We present a hands-on activity for all
ages, using dominoes to explore problem solving, pattern recognition,
parity, graph theory, and combinatorics. The activities are suitable
for elementary school students, the graph theory interpretations are
suitable for middle and high school students, and the underlying
mathematical structures will be of interest to college students and
beyond.

1

Introduction

Creating a circle with domino pieces has a connection with complete
graphs in Graph Theory. This connection is not immediately obvious, though
it becomes clearer and more intuitive once the connection is established. We
present a sequence of activities that use familiar objects—sets of dominoes—to
bring exploration of mathematics and problem solving to all ages and mathematical backgrounds.
We designed the first two modules for use with any audience. This article
is based on extensive experience by one of the authors leading this activity
with a wide variety of audiences, including K-12 students, math educators,
college students, math circle leaders, senior citizens, and mathematicians, both
in person and online. These modules allow anyone to successfully explore
mathematical ideas through the use of dominoes as manipulatives. In the
third module, we introduce the basic graph theory concepts of Euler circuits
and complete graphs for modelling some of the problems with an alternative
approach. In the fourth module, we introduce additional activities that lead
to open-ended mathematical challenges.
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Our target audience for this article includes math circle and outreach
leaders, math educators, and mathematicians. The primary pedagogical goals
of the Domino Circles activities are for participants to explore visually approachable mathematical problems, to organize their observations and turn
them into conjectures, to articulate informal proofs of those conjectures, to
see an example of how a problem can be modeled by graphs, and to get a
glimpse into some recent research questions in graph theory.

2

Road Map of the Modules

We have separated the Domino Circle activities into separate modules. A
session facilitator could use a selection from these modules in compacted form
to create a single-session event, or create a longer unit by choosing more of the
sessions and exploring the additional side questions. The times listed give a
range of possible session lengths for each module depending on the background
of the audience and the depth of the exploration.
Each module first presents the activity in the form of a dialogue, which
conveys the flavor of exploration of the topic by a heterogeneous group of
participants. Problems related to the activity are presented as they arise in
the dialogue. We include facilitator notes at the end of each module.
Although a dialogue presentation is less compact than more straightforward session instructions would be, a dialogue effectively conveys the important idea that mathematics is a quintessentially human activity involving creation, discovery, and exploration, with opportunities to ponder dead ends and
mistakes. Imre Lakatos’ classic book Proofs and Refutations [9] illustrates
the creative dialectic among mathematicians exploring a new field. Contrary
to how mathematicians actually create and explore new mathematics, most
mathematical writing is presented as completed and clear-cut, with unproductive detours and forks in creativity carefully erased. The presentation of
mathematical discoveries in a polished draft format would not be a concern
if everyone possessed the experience themselves of creating and exploring a
mathematical topic; after all, poets and writers present only their cleaned-up
final versions as well. Unfortunately, most people’s experience with mathematics is neither exploratory nor creative. The dialogue approach embraces
exploration and creativity by showcasing the wonder of curiosity and the inquisitive nature of mathematics learners of all ages. We hope that readers will
find a way to encourage a similar dialogue among participants when presenting
this activity.
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The “Research Mathematics Connections” section is intended for Math
Circle leaders, math educators, mathematicians and students with strong theoretical math backgrounds. There, we provide a rigorous mathematical context
for the Domino Circle problems, as well as references to recent scholarly work
in this area.
The times listed below reflect our experience leading this activity with
middle students and teachers. With younger students, these activities are
likely to take longer and the analysis may be more limited.
Module 1: Introduction to Domino Circles (15 to 45 minutes)
Module 2: Analysis of the Problems (15 to 45 minutes)
Module 3: Seeing the Problems a Different Way (15 minutes to 2 hours)
Module 4: Domino Circle Decompositions (15 minutes to 2 hours)
Research Mathematics Connections: Some research mathematics relating to these domino problems
Handouts: Handouts for all of the modules are included in the Appendix

3

Module 1: Introduction to Domino Circles

Amanda: Hey, Lauren, what is a domino circle?
Lauren: Hi, Amanda. Do you have a set of dominoes? Preferably, a doublesix set, which means that each side of the domino has up to six pips on it.
Anna: What’s a pip?
Amanda: According to Merriam-Webster.com, there are several meanings,
but I found one that says a pip is “one of the dots used on dice and dominoes
to indicate numerical value.”
Gwinn: I thought pips were the backup singers for Gladys Knight!
Lauren: Here’s what a double-six domino set looks like [see Figure 1].

180

Journal of Math Circles, Vol. 2, Iss. 1 [2021]

L. Rose, A. Royal, A. Serenevy, A. Varvak

Journal of Math Circles

Figure 1. A complete set of double-six dominoes
Amanda: So, I know how to play dominoes by matching the number on one
side of a domino with the number on another domino [see Figure 2]. Do we
do the same thing for domino circles?

Figure 2. A domino chain
Lauren: Yes, the end-to-end matching rule is the same, except that the doubles are not turned to the side [see Figure 3]. A full domino circle means that
you match all the dominoes in a set and form one big circle.

Figure 3. A domino chain with doubles placed orthogonally, using standard
domino matching rules
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Anna: Is this right? [Figure 4.] It looks more like a domino rectangle than a
domino “circle” here, but my dominoes match end to end.

Figure 4. Anna’s first domino circle
Gwinn: Anna, you’re right–it is a rectangle shape. How do we get a circle
then?
Lauren: That’s a great question, Gwinn! When we say “domino circle” in
this context, we mean that the dominoes are placed end to end in a closed
loop. The shape of the loop doesn’t matter.
Gwinn: Ok. So, I see that Anna has a domino circle, but it’s not a full
domino circle because some of the dominoes are left out. I can tell, because I
know how many dominoes are in a double-six set.
Anna: Now I get it—a full domino circle must use the entire set of dominoes.
Amanda: Why are we using double-six dominoes? Can we make circles with
smaller sets?
Gwinn: I think so. If you take out all of the dominoes with six pips on either
side, you get a double-five domino set [see Figure 5].
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Figure 5. A complete set of double-five dominoes
Problem 1
Figure out how many dominoes are in a double-six set without counting.
Problem 2
How many dominoes are in a double-five set?
Problem 3
How many dominoes are in a double-twelve set?
Problem 4
Try to make a full domino circle with a set of double-six dominoes. If
you can’t, make the largest circle you can. Draw or take a picture of your
circle and the leftovers and compare with your group.
Problem 5
Try to make a full domino circle with a set of double-five dominoes. If
you can’t, make the largest circle you can. Draw or take a picture of your
circle and the leftovers and compare with your group.
Anna: This is interesting. Let’s try larger domino sets to see when we can
make a full domino circle and when we can’t. Maybe we can find a pattern.
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Amanda: Anna, we only have a double-six domino set. Besides, with large
sets, it would get more difficult to tell whether it is impossible to make a full
circle or whether we just didn’t find the right order yet.
Gwinn: I have a way we can try it. I actually have a double-twelve set. I
lost the original box that it came in, so I don’t even know how many there
are, but there are lots! Before we go bigger, let’s go smaller. If we find a
pattern in smaller sets by trying to find domino circles in the double-four,
double-three, double-two, and double-one sets of dominoes, then maybe we
can find a pattern for a bigger set like Anna suggested.
Problem 6
Find domino circles that are as large as possible for the double-four,
double-three, double-two, double-one, and double-zero sets of dominoes.
Put your results in Table 1 along with your results from the double-five
and double-six sets.
Table 1
Finding domino circles
n

# of double n dominoes

Largest domino circle size

# of leftovers

0
1
2
3
4
5
6
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Problem 7
Write down any patterns you notice from the table. What do you predict
will be the pattern for larger domino sets?
3.1

Module 1 Facilitator Notes

The purpose of Module 1 is to familiarize students with domino sets,
introduce the concept of a domino circle, and allow students to explore the
problems in small groups, with little interference from the facilitator. During
Module 2, the questions are revisited more formally as a group discussion.
Students should collaborate with their group members, attempting each of
the problems in Module 1 and recording their results on a worksheet. The
facilitator should remain available to answer questions and guide students
who are getting stuck. Taking digital photos or drawing pictures of the circles
and leftover dominoes are effective ways for groups to record and share their
attempts.

4

Module 2: Analysis of the Problems

Lauren: It looks like everyone has worked on these problems for a while. Are
you ready to discuss your findings?
Anna: We’re ready!
Lauren: Let’s start with Problem 1. How many dominoes are in a double-six
set, and how did you decide to count them?
Amanda: I put them into a 7-by-4 rectangle and multiplied to get 7 × 4 = 28
dominoes [see Figure 6].
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Figure 6. A rectangle for counting the set of double-six dominoes
Gwinn: I arranged my dominoes in a triangle according to number families.
For example, the Zero family has one child, who is called Zero Zero. The One
family has two children–one named Zero One, and the other named One One.
I continued the number families up to the Six family [see Figure 7]. Then, I
added up the number of dominoes in each row to get 1+2+3+4+5+6+7 = 28.

Figure 7. A triangle for counting the set of double-six dominoes
Anna: Are you sure there are 28? I got a different answer. The double-six
domino set has seven doubles, 0 0 , 1 1 , and so on, all the way up to
6 6 . The remaining dominoes each have two different numbers from zero
to six. So there are seven choices for the first number, but only six choices for
the second number, and 7 × 6 = 42 [see Figure 8]. Add 42 to the 7 doubles to
get 49.
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Figure 8. Anna’s method of counting the set of double-six dominoes
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Amanda: Wait! You double-counted some of them. Each domino is unique.
The domino 1 2 is the same as the domino 2 1 . So you only have
42 ÷ 2, which is 21 dominoes, that aren’t doubles. Now add those 21 dominoes
to the doubles to get 21 + 7 = 28 like we did.
Gwinn: I see how my triangle model agrees with what you said, Amanda. My
rule for number families is that the children’s first names are never a number
that’s bigger than their last name. Because domino 1 2 is the same as
domino 2 1 , I would say that it belongs in the Two family, not in the One
family. When I follow the rule, nothing gets counted twice.
Lauren: Great job, everyone! You found three different ways to use mathematical properties to count the dominoes in a double-six set. Let’s skip to
Problem 3 and see if we can use the same strategies to count the number of
dominoes in a double-five set.
Amanda: I got rid of all of the dominoes with a six on them, 0 6 ,
1 6 , 2 6 , . . . , 6 6 . There are seven of those. Then, I subtracted
7 from 28 to get 28 − 7 = 21.
Gwinn: That’s a great idea, Amanda! When I took away the Six family, I
got a smaller triangle [see Figure 9]. For six rows: 1 + 2 + 3 + 4 + 5 + 6 = 21.

Figure 9. A triangle for counting the set of double-five dominoes
Anna: I used the same counting technique that I did before. First, I took
away the 6 6 domino, so there are now six doubles left. The non-doubles
without a number 6 on them have six choices on one side (0, 1, 2, 3, 4, or 5),
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and only five choices for the second side, so 6 × 5 = 30. But we double-counted
the non-doubles, so there are only 15 non-doubles. I get 15 + 6 = 21.
Gwinn: I’m going to count my double-twelve set using the number family
triangle method [see Figure 10]. For thirteen rows: 1 + 2 + . . . + 12 + 13 = 91.

Figure 10. A triangle for counting the set of double-twelve dominoes
Anna: Using my approach, a double-twelve set has 13 dominoes that are
doubles [see Figure 11]. For the rest, we choose any number 0, 1, . . . 12 for
the first side and any other number for the second side. Then, we have to
divide by two because we double-counted each non-double domino. So we
have (13 × 12) ÷ 2 = 78. Now we add them together to get 13 doubles + 78
non-doubles = 91 total dominoes.
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Figure 11. Anna’s approach to counting the set of double-twelve dominoes
Amanda: I just noticed another way of doing this in general. Let’s use two
sets of double-six dominoes, and arrange them into two triangles that make a
rectangle [see Figure 12]. Now there are 8 columns and 7 rows of dominoes.
We multiply these together to get 8 × 7 = 56 dominoes in two sets. Now,
divide by 2 to get 56 ÷ 2 = 28 dominoes in a single double-six set.
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Figure 12. Two sets of double-6 dominoes arranged in a rectangle
Gwinn: I get it now! So for my double-twelve set, we would have 14 columns
and 13 rows for two sets, giving us (14 × 13) ÷ 2 = 91 dominoes.
Anna: I’m going to use this to make a formula for a double-n set, where n is
ANY natural number. Here goes: there will be n + 2 columns and n + 1 rows,
so we would get [(n + 2)(n + 1)] ÷ 2 total dominoes!
Amanda: Let’s go back to talking about the domino circles. I made a weirdlooking full domino circle for the double-six set [see Figure 13].

Figure 13. A full double-six circle
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Lauren: That’s certainly an interesting shape, but any path that closes up
counts as a circle! Was everyone able to get a full domino circle when n = 6?
Gwinn: I found one for double-six, too. But I couldn’t find one for the
double-five set. I’m not sure why it doesn’t work.
Anna: I think I know why, but it’s easier to explain it using a smaller set.
Did everyone finish the table in Problem 5?
Amanda: I finished my table [see Table 2]. The n = 0 and n = 1 cases are
different from the others.
Table 2
Sizes of a maximal domino circle for each number of dominoes
n

# of double n dominoes

Size of largest domino circle

# of leftovers

0

1

1

0

1

3

1

2

2

6

6

0

3

10

8

2

4

15

15

0

5

21

18

3

6

28

28

0

Lauren: That looks great, Amanda. Did anyone notice any patterns?
Gwinn: Yes, I noticed that when n is even we can make a full domino circle
using all of the dominoes, but when n is odd we can’t. But, I still don’t know
why.
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Anna: The important thing is to notice the leftovers. For n = 3, I made the
biggest circle I could, but I have 0 3 and 1 2 leftover [see Figure 14].

Figure 14. Anna’s double-three circle
Amanda: Now I see what’s happening–the numbers on the dominoes in the
circle always have to meet in pairs. For example, 0 1 - 1 1 - 1 3
uses up four 1’s. There’s only one domino left with a 1 on it, 1 2 , and
there’s nowhere to put it.
Lauren: This means there must be an even amount of each number on the
dominoes if we’re going to be able to use them all to make a full circle. For
example, the dominoes in a double-three set with 0’s on them are 0 0 ,
0 1 , 0 2 , 0 3 . There are five total 0’s, which is odd, so they can’t
all meet in pairs.
Gwinn: There are five 1’s, five 2’s and five 3’s. This means we will have
leftovers with one of each number on it. I got 0 1 and 2 3 as leftovers
[see Figure 15]. Mine is different from Anna’s, but we each have eight dominoes
in our circle, with two dominoes left over.

Figure 15. Another double-three circle
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Anna: For n = 5, we will have 0 0 , 0 1 , 0 2 , 0
0 5 . There are seven 0’s here, so they can’t be paired up.

3 , 0

4 ,

Amanda: This means we can’t have a full domino circle for n = 5. The
pattern should hold for n = 7, too. We will have nine 0’s, so this won’t work.
Lauren: Great detective work! So now we know that when n is odd we can’t
get a full domino circle. But what if n is even?
Gwinn: I found full domino circles for n = 2, n = 4 and n = 6 [see Figure 16,
Figure 17, and Figure 18].

Figure 16. A full double-two circle

Figure 17. A full double-four circle

194

Journal of Math Circles, Vol. 2, Iss. 1 [2021]

L. Rose, A. Royal, A. Serenevy, A. Varvak

Journal of Math Circles

Figure 18. Another full double-six circle
Amanda: What about n = 0? Is the number 0 even, odd, or neither?
Lauren: What happens when you take 0 and divide it by 2? There is nothing
left—we call leftovers the remainder in math. So 0 is an even number because
there is no remainder when it is divided by two.
Anna: When n = 0, we can only build a “circle” with one domino, for example, 0 0 . Does that count as a circle?
Lauren: That’s an interesting question. Sometimes, the number zero behaves
very differently from other numbers. Who thinks that 0 0 is a circle?
Amanda: For the double-zero domino, the size of the largest domino circle
is 1 because 0 0 could make a “circle” by itself if it were made of dough.
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Gwinn: Okay, now I understand why we can’t make a full domino circle when
n is odd. But the leftovers—uh, the remainder—for n = 1 will not follow the
pattern.
Anna: Yes, that’s another weird case, like n = 0 [see Figure 19].

Figure 19. A failed attempt to make a double-one circle
Lauren: What if n is larger than 6? Do you think there is still a pattern?
Anna: I’m not sure what the largest circle is when n is odd, but I know that
we’ll never be able to make a full circle using all of the dominoes.
Gwinn: How do you know that for sure?
Anna: Well, let’s start with counting only the zeroes for any double-n set.
When n is odd, there will be an odd number of zeroes. 0 0 , 0 1 ,
0 2 , . . ., 0 n , specifically; there are n + 2 zeroes. When n is odd,
then n + 2 must also be odd. With an odd number, we can’t pair up all of the
zeroes in the circle. Because the count failed at zero, we don’t need to check
the other numbers.
Amanda: Here’s a pattern I noticed with the remainders—they keep increasing by one. The case n = 3 has two leftover dominoes, and n = 5 has three
leftovers. I’ll bet n = 7 has four leftovers. Each time, we just increase n by
one and divide by two.
Gwinn: I checked, and it’s true for my table, too. So, except for n = 0 and
n = 1, the number of leftovers is always of the form n+1
.
2
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Amanda: So we solved the problem!
Lauren: Well, we’ve solved part of it. We now know that if n is odd, then
there can’t be a complete circle. And, we might be able to predict the smallest
possible number of leftover pieces. But how do we know that for sure? What
if n is even?
Gwinn: I used my double-twelve domino set to make circles for n = 8, n = 10,
and n = 12. I’m pretty sure I could do this with bigger sets, too.
Lauren: “Pretty sure” in math is called a conjecture. Our conjecture says,
“when n is even (and greater than zero), we can always make a full domino
circle.”
Anna: Can we? How can we know for sure without trying each n, which will
take forever?
Lauren: We can know for sure if we find a “proof” based on logic, reasoning,
and perhaps some mathematical concepts that you may not have seen before.
Amanda: I’d like to learn more about this.
Anna: Yeah, tell me more.
Lauren: In the next module, we’ll learn how to model these types of problems
using a branch of mathematics called Graph Theory.
4.1

Module 2 Facilitator Notes

In Module 2, students will share their ideas with the class. Facilitators
can help them to put their ideas into a format that the rest of the class can
understand. Students can also be invited to share their work on the board if
desired.
One of the great benefits of Problem 1 is that it shows students that
there can be many approaches to the same problem. This also provides an
opening for the facilitator to introduce basic combinatorial techniques (e.g.
the multiplication rule) and explore the difference between permutations and
combinations. For example, the non-double dominoes consist of combinations
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of paired numbers (since 1 2 is the same domino as 2 1 , as mentioned)
rather than of permutations for which the ordered pairs are distinct: (1, 2) 6=
(2, 1).
The counting of dominoes can also lead to a discussion of triangular
numbers, providing an obvious visual explaining why they have this name.
The facilitator can use this activity to help the group derive the formula
. Double-n dominoes without zeroes can be used
1 + 2 + 3... + n = n(n+1)
2
to create a visual proof of this formula by joining two identical triangles to
form an n × (n + 1) rectangle. With zeroes, the formula becomes 1 + 2 + 3 +
.
. . . + n + (n + 1) = (n+1)(n+2)
2
Most groups will notice that they can make full domino circles when n is
even (and cannot do so when n is odd). The facilitator can record this as a
conjecture and invite students to share their observations. Some participants
will notice that, due to the domino matching rule, all numbers must be paired
up to form a domino circle. Some will go further and notice that all numbers
will appear an odd number of times when n is odd; hence, a full circle will
be impossible. Students may have trouble explaining this to their peers, so
the facilitator might step in and provide a visual on the board for certain
cases.
Given a double-n set where n is odd, a circle of maximal size would leave
out exactly one copy of each number. For example, in the case of n = 3, the
leftovers could be either 0 1 and 2 3 , 0 2 and 1 3 , or 0 3
and 1 2 . If there are more than two leftovers for n = 3, the circle will not
be maximal.
Given a double-n set where n is even, groups will always be able to make
a full circle, but it is not obvious how one could prove that this will always
be the case. The facilitator may ask if anyone can suggest a method for doing
this when n is a large, even number. The next module will provide more
insight into this question, so it is not necessary to completely settle this case
here.
Some participants may point out that the double dominoes aren’t necessary, noting that it is always possible to either insert them between matching
symbols or remove them without changing the arrangement of the rest of the
circle. The facilitator does not need to coax this point from the group unless
the opportunity to explore it arises naturally.
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Module 3: Seeing the Problem a Different Way

The facilitator now introduces the concept of a graph as a way to model
the domino circle problem.
Lauren: Does anyone know what a graph is?
Amanda: I learned about graphs in school. I remember seeing a graph that
looked like a horseshoe [see Figure 20].

Figure 20. The graph of the parabola y = x2
Lauren: Yes, that’s a graph of a function; the shape is called a parabola. But
there is another type of graph that mathematicians and computer scientists
use quite a bit. It’s sometimes called a network.
Anna: I think I’ve seen that type of graph before [see Figure 21]. It’s a
drawing with edges and points, right?

2
1

5
3

4

Figure 21. A sample graph
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Gwinn: I’ve seen a few examples of networks: airline hubs, friendship networks, and mind maps.
Amanda: What does this have to do with dominoes?
Lauren: There are two ways we can view domino circles as graphs. We just
have to decide whether the dominoes are points or edges. Some mathematicians and scientists may use the word node to describe a point on a graph.
From now on, we will refer to points as the vertices of the graph. A single
point is called a vertex.
Problem 8
Can you find a way to use a graph with vertices and connecting edges to
represent a domino circle?
Anna: I get it! Let’s say the dominoes are the vertices. Then we can make a
domino circle for n = 2 and connect it like this: 0 1 – 1 1 – 1 2
– 2 2 – 2 0 – 0 0 , but we get a few extra edges [see Figure 22].

Figure 22. A graph with dominoes as vertices and potential connections as
edges
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Amanda: Anna, this works nicely when n = 2, but look at the graph I get
when n = 4 [see Figure 23]. It’s starting to look like a mess, and I have not
even gotten close to finishing it.

Figure 23. A graph with dominoes as nodes, with edges connected to matching
numbers.
Lauren: Being a mess in math isn’t always bad. If we used this approach,
finding a full domino circle would be the same as finding a closed path that
goes through all of the vertices exactly once. This is called a Hamiltonian
circuit. Unfortunately, when n is large, finding a Hamiltonian circuit in a
graph, or even knowing if there is one, is a difficult problem in mathematics.
Gwinn: Okay, so let’s make a graph for the double-three dominoes by letting
the vertices be the numbers 0, 1, 2, and 3. Then the dominoes can be the
edges connecting each number to all the other numbers [see Figure 24].
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Figure 24. Numbering the vertices of a K 4 graph, with dominoes as edges
Amanda: But where are the doubles in that diagram?
Gwinn: The doubles could be added in as loops connecting each number to
itself. But we don’t really need the doubles when we are trying to find a full
domino circle. They can always be put in later after we find a circle with the
non-doubles. For me, keeping the doubles in when we are looking for a full
domino circle makes the problem more difficult to solve.
Problem 9
Draw the graph for the double-four domino set. How could you look for a
full domino circle using the graph?
Amanda: I drew the graph for the double-four dominoes, leaving out the
doubles [see Figure 25].
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Figure 25. Numbering the vertices of a K 5 graph, with dominoes as edges
Anna: So how would we find a full domino circle using these graphs?
Lauren: A full domino circle would be a closed path that goes through all of
the edges exactly once. Such paths are called Euler circuits.
Gwinn: I think I understand it. Basically, if I can find a way to trace all the
lines of the graph once without lifting my pencil or going over a line twice, I
would get a full domino circle!
Anna: I know how we could find an Euler circuit in the case for n = 4 [see
Figure 25]. I start by drawing the inner star, which traces all of the inner
lines, and then I can trace all of the outer lines by going around the pentagon.
Gwinn: Anna, your idea
just needs doubles: 0 2
– 1 2 – 2 3 – 3
all fifteen dominoes in the
finish it.

relates to this domino circle that’s almost full—it
– 2 4 – 4 1 – 1 3 – 3 0 – 0 1
4 – 4 0 . To get the full domino circle with
double-four set, I’ll put the five doubles back in to

Amanda: That’s great, Gwinn and Anna! But I am having trouble finding
an Euler circuit in the graph that looks like a kite [see Figure 24].
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Anna: That’s actually a good thing—you should be having trouble with that
one! That graph is for the double-three domino set. Remember, we proved
earlier that double-n domino sets with odd n values can’t have a full domino
circle.
Lauren: Good point, Anna! It is often important and useful to attempt to
understand a concept by examining it from another perspective. There is a
well-known theorem about Euler circuits that is relevant here [13].
Theorem 1: Euler Circuits Theorem
A graph has an Euler circuit if and only if all of its vertices have even
degree.
Anna: What’s the degree of a vertex?
Lauren: The degree of a vertex is the number of edges coming out of it. If we
included a loop to represent a double, that would count as two edges coming
out of the vertex.
Amanda: Let’s explore this. In the n = 3 graph [see Figure 24], Vertex 0 has
degree 3 because there is an edge that goes from 0 to 1, another from 0 to 2,
and a third one that goes from 0 to 3. Wait, I see a pattern here: the degree
is just the total number of 0’s in the double-three set—without the doubles!
Gwinn: I see that Vertex 1 also has degree 3, and that’s the same as the
number of 1’s in the double-three set.
Anna: It works for Vertex 2 as well—it’s degree 3 just like the others.
Lauren: Exactly! The Euler Circuit Theorem has reinforced our earlier proof
that if n is odd we can’t make a full domino circle.
Gwinn: And likewise, Euler’s Theorem says that if n is even, then we can
always make a full domino circle, if we include the weird one-piece circle we
can make from the double-zero set.
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Anna: But how do we know the Euler Circuits Theorem is always true?
Gwinn: I don’t think there can be an Euler circuit if the degrees of the
vertices are odd. To make an Euler circuit, we have to be able to leave and
come back to each vertex—maybe multiple times. Leaving and coming back
always uses up two edges. Because we’re not allowed to repeat edges, we would
have to leave and come back using a different pair of edges the next time. If
the degree of a vertex is odd, then either we wouldn’t be able to leave again
or we wouldn’t be able to come back again. We would get stuck at a vertex
before we could close the circuit!
Anna: I like the way you explained it, Gwinn! But what if the degrees of all
the vertices are even?
Lauren: We can prove this by creating an algorithm, a step-by-step procedure, for how to make an Euler circuit when all the vertices have even degree.
Anna: I think I know how to do it. I’m going to start with any domino, and I
will keep adding dominoes to it until I make a circle. Then I can make another
circle, and join it to the first one by splitting both circles at a number that
appears in both of them [see Figure 26].
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A domino circle
made from part of
the double-four set

Another domino
circle made from
the remaining
dominoes of the
double-four set

Figure 26. Two circles being joined
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Amanda: And this always works when n is even, because you always have
an even number of dominoes left with each number on them. So, for example,
if you haven’t used up all of the zeroes yet, you can make a circle with two of
the zeroes and join it to the other circle.
Lauren: Yes, that’s the idea.
Gwinn: I know what we can do next. Let’s try to make a full domino circle
with my double-twelve set!
Problem 10
Try working together with others to make a full domino circle with a
double-twelve domino set.
5.1

Module 3 Facilitator Notes

Groups who have already seen graphs may use vertices to represent each
domino, and let edges represent potential connections among them (see Figure 22). It turns out that this approach is not as helpful as the one we will
suggest below, but it can still be fun for groups to explore and come to this
conclusion.
If the group is new to graph theory, the facilitator should suggest letting
the vertices stand for each symbol in the domino set and using the dominoes
as edges. Figure 24 and Figure 25 show the graphs for the sets of dominoes
with symbols up to 3 and 4, respectively.
The facilitator now asks the participants how they can think about the
formation of domino circles in terms of this graph. Groups should be able to
see that the objective is to find a closed route through the graph that crosses
each edge exactly once. In graph theory, this kind of path is called an Euler
circuit or Euler circle [13].
If participants have already explored Euler circuits and Euler paths before,
the facilitator should continue on. Otherwise, this is a good jumping off point
for exploring that topic. Participants will need to understand that there is an
Euler circuit in a graph if and only if each of the vertices is connected to an
even number of edges [13].
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Returning to the original question, we now need to check the number of
edges emerging from complete graphs given that the largest number included
in the set of dominoes is even. Since each number is connected to an even
number of other numbers, the number of edges emerging from each vertex will
be even. It is therefore possible to apply the theorem about Euler circuits to
this situation.

6

Module 4: Domino Circle Decompositions

Lauren: Are you ready for a new challenge?
Gwinn, Anna, Amanda: YES!!!
Lauren: Ok. Let’s divide up a domino set into as many circles as possible.
Problem 11
Instead of one large domino circle, break up a set of double-six dominoes
into as many smaller circles as you can without using any domino more
than once. For this problem, all circles must use at least three dominoes.
What’s the largest possible number of circles?
Gwinn: So when we break up the set, we’re still trying to use up as many
dominoes as we can?
Amanda: Yes, and we also have to create circles without replacement. What
I mean is, once you use a domino in a smaller circle, it’s now “out of play” for
the other circles. You make a circle and set it aside as you try to make other
circles.
Anna: So, the minimum size for a circle this time is three dominoes. If we
want to know the largest possible number of circles we can make, should we
just focus on trying to make circles that have just three dominoes each?
Lauren: That’s a great question, Anna! This exercise is meant to help us
explore that idea. What kind of relationship is there between the number of
dominoes used to complete a circle and the number of circles we can create?
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Can we use up all of the dominoes without having any leftovers if we restrict
ourselves to circles made with a minimum of three dominoes?
Anna: That’s a lot of dominoes to work with for the double-six set. Maybe
we could try smaller cases first.
Amanda and Gwinn: Agreed!
Problem 12
For n = 1, 2, 3, 4, 5, and 6 break up a set of double-n dominoes into
as many smaller circles as you can without using any domino more than
once. Each domino circle must have at least three dominoes. Record your
findings in Table 3. (You may want to draw or take a picture of your
circles before going on to the next set of double-n dominoes.)
Table 3
Number of Circles Formed From Double-n Domino Sets
n

# of domino circles made

# of leftover domino pieces

1
2
3
4
5
6
Gwinn: I remember from before that we can’t make any circles at all with
the double-one domino set [see Figure 27].
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Figure 27. Trying to make a circle with the double-one domino set again
Amanda: I noticed that there is only one possible circle with the double-two
domino set, and it used up all the pieces.
Anna: And I noticed that I can’t make a circle of only three dominoes if one
of the pieces is a double.
Amanda: How about we take the double pieces out, and see what we can do
with the rest of the pieces? Maybe we can fit the doubles back in later. For
example, we can insert the double-six piece into any circle that has any sixes
in it, and it would still be a circle. Also, we know that we can’t make a circle
that uses only doubles because they don’t connect to each other.
Anna: That does make it simpler. With the double-three set of dominoes,
I can create only one circle composed of three non-double pieces, and I can
fit three doubles into it. What’s left are three non-doubles and one double
domino.
Amanda: I am working with the set of double-four dominoes now, and I
started by taking out the doubles. I can make two circles using all the pieces,
and neither of those circles can be broken up into smaller circles [see Figure 28].
Does that mean that two is the maximum number of circles we can make with
this set?
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Figure 28. Two circles from the double-four set
Gwinn: But I found three circles using a double-four domino set [see Figure 29].

Figure 29. Three circles from the double-four set
Anna: Does that mean that we can’t possibly know the maximum number of
circles we can make with the set, because there is always the possibility that
someone else would come along and find even more circles?
Gwinn: No, I think there is definitely an upper limit. Look, when I take out
the doubles from the set of double-four dominoes, there are ten pieces left.
According to our rule, each circle must have at least three pieces, so we can’t
possibly create more than three circles from this set. The maximum number
of circles for this set is three, and I found an example of breaking up the
double-four set into three smaller circles.
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Amanda: Oh, then I have a conjecture! The maximum number of circles for
a double-n set of dominoes is however many times 3 goes into the number of
non-double pieces.
Anna: And I have a conjecture that if we couldn’t make one full circle with a
set of dominoes, then we will have pieces left over when we try to make smaller
circles.
Lauren: Great conjectures; let’s check them out! By the way, Gwinn mentioned “breaking up” the sets of dominoes; in mathematics, we call it “decomposition.”
Problem 13
Discuss with your group and write down any patterns you notice from the
table. What do you predict will be the pattern for larger domino sets?
6.1

Module 4 Facilitator Notes

For Problem 8, it helps to let the students try to create as many circles
for a double-six domino set either individually or in small groups, and then
compare the results. It frequently happens that one group is sure that they
found the largest number of circles, only to get a surprise when another group
finds even more circles. Such experience helps establish how non-trivial it is to
be sure that one actually did find the largest number of domino circles, which
justifies detailed consideration of the smaller sets of dominoes first.
Taking out the double pieces doesn’t change the problem, but it greatly
helps to clarify the pattern. Without the double pieces, it becomes much more
obvious that the smallest circles are composed of three dominoes, and if the
goal is to get the most number of circles, then one should focus on getting as
many three-piece circles as possible.
The maximum number of circles of the double-n domino set, for even n,
is the number of times 3 goes into the number of non-double pieces of the set
— though the sizes of those circles may be larger than three, especially after
putting the doubles back in the set. The mathematics behind this is described
in the next section.
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Research Mathematics Connections
Edge disjoint cycle decomposition

In graph theory terms, Problems 7 and 8 in Module 4 involve breaking
up a double-n domino graph into as many cycles as possible without using an
edge more than once.
With the removal of the double dominoes, the graph in question will be
the complete graph, K
 n+1 , in which each pair of vertices are joined by an edge;
n+1
hence, there are 2 edges. This corresponds to the fact that a domino set
has a unique domino for each number pair. There are n + 1 vertices.
For example, excluding the doubles themselves, K3 represents the doubletwo set, K4 the double-three set, . . ., and K7 the double-six set.
The general problem of finding a total edge-disjoint cycle decomposition
of a complete graph Kn is non-trivial.
A basic condition that such a cycle decomposition must meet is that the
sum of the lengths of all the cycles must add up to the
 total number of edges in
edges (Figure 30
the complete graph. The complete graph Kn has n2 = n(n−1)
2
shows K7 ). So, if Kn can be decomposed into
 m cycles of lengths l1 , l2 , . . . , lm ,
then we must have l1 + l2 + . . . + lm = n2 .

Figure 30. Complete graph on seven vertices
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In 1981, Alspach [1] conjectured that this condition, together with the
recognition that the smallest cycle length is three, is not just necessary but
also sufficient:
Conjecture 1
Let n be odd, and l1 , l2 , . . . , lm natural numbers. If each li ≥ 3 and l1 +l2 +
· · · + lm = n2 , then there exists a decomposition of the complete graph
Kn into m cycles with these lengths.
For the next thirty years, many mathematicians proved special cases of
this conjecture [3]. Alspach’s conjecture was finally proven completely in the
last decade by Bryant, Horsley and Pettersson [4].
As a result, a total decomposition of Kn+1 into cycles exists as long as
n + 1 is odd; hence, n is even. This means that when n is even, a double-n
domino set can be completely partitioned into domino circles. Moreover, this
theorem provides a formula for finding what sizes of circles are possible.
The problem of decomposing a complete graph into cycles has been around
for much longer. More that a century prior to Alspach making his conjecture,
and without using concepts from modern graph theory, Kirkman [8] proved
the equivalent of the following theorem:
Theorem 2
The edges of Kn can be decomposed into cycles of length three (triangles)
if and only if n ≡ 1 or 3 mod 6.
The process of actually finding these cycles remains a challenging exercise.
In the meantime, much work has been done on the “spectral problem
for m-cycles:” for a given positive integer m ≥ 3, what is the set of positive
numbers n such that the complete graph Kn can be decomposed into circles
of size m? For a survey of the results, and some illustrations of ingenious
constructive proofs, see Bryant’s 2007 literature review [3].
7.2

Cycles and Stars Decomposition

A star is a graph where all edges have one vertex in common (see Figure 31). Whereas a cycle is like a closed route along the edges, a star is like a
neighborhood center.
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Figure 31. A star graph
Problem 14
Which complete graphs (if any) can be decomposed into 3-stars (stars with
three edges)?
Problem 15
Which complete graphs (if any) can be decomposed into 3-stars and 3cycles?
(This question was answered by Fu et al. [6], referring to 3-cycles as triangles
and 3-stars as claws.)
Problem 16
What about other sizes of cycles and stars?
This is an ongoing area of research. More broadly, one can take any graph
G and ask which complete graphs (if any) can be decomposed into isomorphic
copies of G. For example, Bermond et al. [2] showed when a complete graph
can be decomposed into G when G has five vertices. In [12], Wilson showed
that for any graph G without loops or multiple edges between any vertices,
there exists a number n such that every complete graph with number of vertices
greater than n can be decomposed into copies of G as long as its total number
of edges is evenly divisible by the number of edges in G.
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Appendix
Introduction to Domino Circles
1. Figure out how many dominoes are in a double-six set without counting.
2. How many dominoes are in a double-five set?
3. How many dominoes are in a double-twelve set?
4. Try to make a full domino circle using a set of double-six dominoes. If
you can’t, make the largest circle you can. Draw or take a picture of
your circle and the leftovers and compare with your group.
5. Try to make a full domino circle with a set of double-five dominoes. If
you can’t, make the largest circle you can. Draw or take a picture of
your circle and the leftovers and compare with your group.
6. Find domino circles that are as large as possible for double-four, doublethree, double-two, double-one, and double-zero sets of dominoes. Put
your results in the table below along with your results from the doublefive and double-six sets.
n

# of double n dominoes

Largest domino circle size

# of leftovers

0
1
2
3
4
5
6
7. Write down any patterns you notice from the table. What do you predict
will be the pattern for larger domino sets?
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Seeing the Problem in a Different Way
1. Can you find a way to use a graph with vertices and connecting edges
to represent a domino circle?
2. Draw the graph for the double-four domino set. How could you look for
a full domino circle using the graph?
3. Try working together with others to make a full domino circle with a
double-twelve set.
Domino Circle Decompositions
1. For n = 1, 2, 3, 4, 5, and 6: break up a set of double-n dominoes into
as many smaller circles as you can without using any domino more than
once. Each domino circle must have at least three dominoes. Record your
findings in the table below. (You may want to draw or take a picture of
your circles before going on to the next set of double-n dominoes.)
n

# of domino circles made

# of leftover domino pieces

1
2
3
4
5
6
2. Discuss with your group and write down any patterns you notice from
the table. What do you predict will be the pattern for larger domino
sets?
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Cycles and Stars Decomposition
Here are some research-level questions to play with.
1. Which complete graphs (if any) can be decomposed into 3-stars (stars
with three edges)?
2. Which complete graphs (if any) can be decomposed into 3-stars and
3-cycles?
3. What about other sizes of cycles and stars?

